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1. INTRODUCTION

Chern and Kuiper [6] in 1952 defined a distribution on a Riemannian manifold M which as-

signs to each point z € M the subspace
Ng(z)={XeT,M: R(X,Y)=0,VY € T, M},

where R is the curvature of the Riemannian connection on M. It is called the nullity space at
x. The distribution defined by the subspace Nr(x) at each point x of M is called the nullity
distribution N of the Riemannian manifold M. The dimension ppr(z) of Ng(z) is called
the index of nullity at z. Chern and Kuiper showed that, if ©r(z) is constant in a neighbor-
hood, then N; constitutes a completely integrable distribution there, and that the leaves of the

resulting foliation are flat. Later, Maltz [12] showed that the leaves are also totally geodesic.

In 1972, Akbar Zadeh [2, 3] extended this work to Finsler geometry adopting the pullback
approach to global Finsler geometry. He studied the nullity distribution of the (classical)
curvature of Cartan connection. Recently, Bidabad and Refie-Rad [4] studied a more general
case called k-nullity distribution in Finsler geometry. On the other hand, in 1982, Youssef [14,
15] studied the nullity distributions of the curvature tensors of Barthel connection and Berwald

connection, adopting the Klein-Grifone approach to global Finsler geometry.

In the present paper, we investigate the nullity distribution of the three curvature tensors
of Cartan connection adopting the Klein-Grifone approach [8, 9], and [10]. The paper is
organized as follows. In the first section, we give the necessary material that will be needed
throughout the present work. In particular, we give a brief account on the Klein-Grifone ap-
proach to global Finsler geometry. In the second section, we focus our attention on the most
important properties and formulas related to the curvature tensors of Cartan connection. In the
third section, we investigate the nullity distribution (ND) Nz of the h-curvature tensor R of
Cartan connection, the nullity spaces being subspaces of the horizontal space. We show that
the ND Ny is included in the ND of the curvature of Barthel connection and we show, by an
example, that this inclusion is proper. We show that the ND N is completely integrable and
the leaves of the nullity foliation are auto-parallel and hence totally geodesic submanifolds. In
the Fourth and fifth sections, we study the ND’s of the hv-curvature and v-curvature of Car-

tan connection. We show through examples that these ND’s are not completely integrable.
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Nevertheless, we investigate necessary and sufficient conditions for such distributions to be

completely integrable.

It should be noted that in the pullback approach ([2, 3]) the ND of the classical curvature of
Cartan connection is completely integrable and, consequently, the ND’s of the h-curvature, hv-
curvature and v-curvature are completely integrable. However, in the Klein-Grifone approach
the situation is different: the ND of the h-curvature is completely integrable whereas the ND’s

of the hv-curvature and v-curvature are not.

Throughout the paper, we give concrete examples whenever the situation needs. More-
over, we study ND’s related to certain special Finsler spaces relevant to the situation under

consideration.

2. NOTATION AND PRELIMINARIES

In this section, we give a brief account of the basic concepts of the Klein-Grifone approach to
global Finsler geometry. For more details, we refer to [8, 9], and [10]. We make the assumption

that the geometric objects we consider are of class C'™°.
The following notations will be used throughout this paper:
M areal differentiable manifold of finite dimension n and of class C'*°,
§(M): the R-algebra of differentiable functions on M,
X(M): the F(9M)-module of vector fields on M,
mp 2 TM — M: the tangent bundle of M,
7w : T M — M: the subbundle of nonzero vectors tangent to M,
V(T M): the vertical subbundle of the bundle T'(T'M),
ix : the interior product with respect to X € X(9),
df : the exterior derivative of f,

dy, := [ir,d], i1, being the interior derivative with respect to a vector form L,
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Lx : the Lie derivative with respect to X € X(M).

We have the following short exact sequence of vector bundles, relating the tangent bundle
T(TM) and the pullback bundle 7= (T M):

0 — 7 YTM) -1 T(TM) 25 7= (TM) — 0,

where the bundle morphisms p and -y are defined respectively by p := (w7, d) and y(u, v) 1=
(vyM). The vector 1-
form J on T'M defined by J := o p is called the natural almost tangent structure of 7M. The
vertical vector field C' on T'M defined by C' := ~ o7, where 7 is the vector field on 7= (T M)

Ju(v), where j, is the natural isomorphism j,, : Ty, (yM — Ty (T,

™™ ™™

given by 7j(u) = (u,u), is called the fundamental or the canonical (Liouville) vector field.

In this work, we shall need the evaluation of the Frolicher-Nijenhuis bracket in some special

cases [7]:

If L is a vector ¢-form and X € X(M), then, forall Y7,..., Yy € X(M),
¢
X, (Y1, .0, Vo) = [X, L(Yi, o, Yo)] = Y L(Yis oo, [X, Vi), ooy Vo).
i=1

In particular, if L is vector 1-form,

[X,L]Y = [X,LY] - LIX,Y].

If K and L are vector 1- forms, then

[K,L)(X,Y) = [KX,LY]+|[LX,KY]+KL[X,Y]+LK[X,Y]
—K[LX,Y] - K[X,LY] - LIKX,Y] — LIX,KY].

1
In particular, the vector 2-form Ny := 3 [K, K] is said to be the Nijenhuis torsion of the
vector 1-form K:

Ni = %[K, K|(X,Y)=[KX,KY]+ K*[X,Y] - K[KX,Y] - K[X,KY]. (2.1)

One can show that the natural almost tangent structure J has the properties:

J*=0, [J,J]=0, [C,J]=—J, Im(J)=Ker(J) =V (TM), (2.2)
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A scalar p-form w on 7'M is semi-basic if ijxw = 0, VX € X(TM). A vector {-form L
on 7'M is semi-basic if JL =0 and iy;xL =0, VX € X(T'M).

A scalar p-form w on T'M is homogeneous of degree r if Low = rw. A vector {-form L
on 7'M is homogeneous of degree r, denoted by h(r), if [C, L] = (r — 1)L. It is clear that J
is h(0).

A semispray on M is a vector field S on TM, C* on T M, C* on TM, such that JS = C.
A semispray S which is homogeneous of degree 2 ([C, S] = S) is called a spray.

A nonlinear connection on M is a vector 1-form T on TM, C* on 7 M, C° on T M, such
that
JI' = J, I'J=-J

The vertical and horizontal projectors v and h associated with I' are defined respectively by
V= %([ —I), h:= %(I +T'). Thus I gives rise to the direct sum decomposition T'(T'M) =
V(I'M)® H(TM),where V(T'M) :=Imv = Ker h is the vertical bundle and H(T'M) :=
Im h = Kerv is the horizontal bundle induced by I'. An element of V(T'M) (resp. H(T'M))
will be denoted by vX (resp. hX). We have Jv = 0, vJ = J, Jh = J, hJ = 0. A
nonlinear connection I' is homogeneous if [C,I'] = 0. To each nonlinear connection I', one
can associate a semispray S which is horizontal with respect to I", namely, S = h.S’, where S’

is an arbitrary semispray. Moreover, if I' is homogeneous, then its associated semispray is a

spray.

The torsion ¢ of a nonlinear connection I' is the vector 2-form on 7'M defined by ¢ :=
%[J, I']. The curvature of T is the vector 2-form on 7'M defined by R := — % [h, h]. Associated
with T, an almost complex structure F' (F? = —I) is defined by F'.J = h and Fh = —J. This
F defines an isomorphism of 7%, (T'M) for all z € T M.

Definition 2.1 [10] — A Finsler space of dimension n is a pair (M, E), where M is a

differentiable manifold of dimension n and F is a map
E:TM — R,
called the energy function, satisfying the axioms :

(@) E(u) > 0 forallu € TM and E(0) =0,

217
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(b)EisC®onTM,C'onTM,
(c £ is homogeneous of degree 2 : Lo E = 2F,
(d) The exterior 2-form 2 := dd j F, called the fundamental form, has maximal rank.

Theorem 2.2 [10] — Let (M, E) be a Finsler space. The vector field S € X(T M) defined
by isQ) = —dFE is a spray. Such a spray is called the canonical spray associated with (M, E).

Now, we give a fundamental result which ensures the existence and uniqueness of a re-

markable nonlinear connection.

Theorem 2.3 [10] — On a Finsler space (M, E), there exists a unique conservative (dp E

= 0) homogeneous nonlinear connection with zero torsion. It is given by :

I'=1[J,5],

where S is the canonical spray. Such a connection is called the canonical connection, Barthel

connection or Cartan nonlinear connection associated with (M, E).

It should be noted that the semi-spray associated with the Barthel connection is a spray,

which is the canonical spray.

3. BERWALD AND CARTAN CONNECTIONS

In this section, we present the necessary material, concerning Berwald and Cartan connections,
that will be needed throughout the present work. For more details, we refer to [9] and [15].

[}

Theorem 3.1 [9] — For a Finsler space (M, E), there exists a unique linear connection,D

on T M satisfying the following properties:
@DJ =0, () DC = v.
(¢) DT = 0 («=Dh =Duv = 0). () DyxJY = J|JX,Y)

(e) T(J X Y) = 0, where h and v are z‘he horizontal and vertical projectors of Barthel
connection and T is the (classicl) torsion of D This connection is called the Berwald connec-

tion.
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The explicit expression of 13 is given by:
DyxJY = JIJX,Y],
DyxJY = wv[hX,JY], (3.1

DF = 0.

Lemma 3.2 — The Berwald connection has the property that
T(hX,hY) = R(X,Y),
where fR is the curvature of Barthel connection.
Let (M, E) be a Finsler space and 2 := ddjE. The map g defined by
g(JX,JY):=QUJX,)Y), VXY e T(TM)

defines a metric on V(7'M ). This metric can be extended to a metric g on 7'(7'M ) defined by

the formula:

9(X,Y) =g(JX,JY) +guX,vY) = QUX,FY). (3.2)

Theorem 3.3 [9] — For a Finsler space (M, E), there exists a unique linear connection D

on T M satisfying the following properties:

(@) DJ = 0. (b) DC = .
(¢c) DT = 0 (<= Dh = Dv = 0). (d) Dg = 0.
(e) T(JX,JY) = 0. ¢ JT(hX,hY) = 0.

This connection is called the Cartan connection.

The explicit expression of D is given by:

DyxJY = DyxJY +C(X,Y),
DixJY = DpxJY +C/(X,Y), (3.3)
DF = o0,

where C and C’ are the scalar 2-forms on 7'M defined by

ACKXY),2) = S (Lox(T)Y.2),  ACXY),Z) = 5 (Lixa)(TY, T2),

219



220 NABIL L. YOUSSEF et al.

with (J*g)(Y, Z) = g(JY, J Z).

The tensors C and C’ will be called the first and second Cartan tensors respectively. They

are semi-basic, symmetric and
C(X,9)=C(X,9)=0. (3.4)
We have the following lemmas.

Lemma 3.4 — The (h)h-torsion T'(hX, hY') and (h)v-torsion T'(hX, JY') of Cartan con-

nection are given respectively by
T(hX,hY)=R(X,Y), T(hX,JY)= (C’ - FC)(X,Y),
where fR is the curvature of Barthel connection.

Lemma 3.5 — The h-curvature R, hv-curvature P and v-curvature () of Cartan connection

are given respectively by:

(@) R(X,Y)Z =R(X,Y)Z + (DuxC)(Y, Z) — (DuyC')(X, Z) + C'(FC'(X, Z),Y)
_CI(FC(Y, Z),X) + C(FR(X,Y), Z),

(b) P(X,Y)Z =P(X,Y)Z + (DpxC)(Y, Z) — (DyC')(X, Z) + C(FC'(X, Z),Y)
L C(FC'(X,Y), Z) — C'(FC(Y, Z), X) — C'(FC(X,Y), Z),

©QX,Y)Z =C(FC(X,2),Y)—-C(FC(Y, Z),X), where R and P are respectively the

h-curvature and hv-curvature of Berwald connection.
Lemma 3.6 — For Cartan connection, the following properties hold:
(a) R(X,Y)S =R(X,Y).
(b) P(X,Y)S =C'(X,Y).
(c) P(S,X)Y = P(X,S)Y =0.
@IS, X)Y =Q(X,9)Y =Q(X,Y)S =0.
Lemma 3.7 — The Bianchi identities for Cartan connection are given by:

(@) Sxy,z{R(X,Y)Z} = &x y z{C(FR(X,Y), Z)}.
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) Sxy2{Q(X,Y)Z} =0.

(©) C(FR(X,Y), Z) = R(FC(X, Z),Y) — R(FC(Y, Z), X).
(d) Sx,yz{(DrxR)(Y, Z)} = Gx,y,z{C'(FR(X,Y), 2)}.
(€) Gxyz {(DnxR)(Y, 2)} = &xy,z {P(X, FR(Y, 2))}.

(f) (DhXP)(K Z) - (DhYP)(X7 Z) + (DJZR)(X’ Y) = P(Xv FC/(Y, Z))
—P(Y,FC’(X,Z))—i—R(FC(Y,Z),X)—R(FC(X,Z),Y) —Q(F%(X,Y),Z).

(9) (DnxQ)(Y, Z) = (Dyy P)(X, Z) + (DyzP)(X,Y) = P(FC(X,Y), Z)
— P(FC(Z,X),Y) = Q(FC'(X,Y),Z) + Q(FC(Z,X),Y).

(h) 6xyz{(D;xQ)(Y,Z)} =0,

where G x y, 7 is the cyclic sum over the vector fields X, Y and Z.

4. NULLITY DISTRIBUTION OF CARTAN H-CURVATURE

We are now in a position to study the nullity distributions associated to Cartan connection.
Firstly, we study the nullity distribution of the h-curvature tensor. It should be noted that the
nullity distributions of Barthel and Berwald connections have been investigated in [14] and
[15].

We need the following lemma for subsequent use.

Lemma 4.1 —Forall X, Y € X(T' M), we have

(a) [JX,JY] = J(D;xY — Dy X).

®) [WX,JY] = J(DpxY) —h(DyjyX)— (C'— FC)(X,Y).
(o) [hX,hY] = h(DpxY — Dpy X) — R(X,Y).

PROOF : (a) Using (3.1) and (3.3), by the symmetry of C, [J, J] = 0, J?> = 0 and D.J = 0,
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J(D;xY — Dy X)
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= DyxJY —DjyvJX

— DyxJY +C(X,Y) -DyyJX —C(Y, X)
— JJX,Y] - J[JY. X]

— [JX,JY].

(b) Using (3.1) and (3.3), by the symmetry of C, DJ = Dh = DF = 0, we obtain

J(DpxY) — h(Dy X)

(c) Again using (3.1) and (3.3),

MDpxY — DpyX) =

As the torsion of T" vanishes, then 0 = ¢(X,Y) = v[JX,hY]| + v[hX, JY]| — J[hX,hY],

— DuxJY — DyyhX

— DpxJY +C(X,Y) —DyyhX — FC(Y, X)
— w[hX,JY] - hlJY, X] + (C' — FC)(X,Y)
= [hX,JY]+ (C' - FC)(X,Y).

by the symmetry property of C’, we have
DpxhY — DpyhX

DixhY + FC'(X,Y) —DpyhX — FC'(Y, X)
Fu[lhX,JY]|+ Fu[JX,hY].

from which Fv[JX,hY] + Fv[hX,JY] = FJhX,hY] = h[hX, hY]. Consequently,

h(DyxY — Dpy X) = h[hX,hY] = [hX,hY] — v[hX,hY] = [hX,hY] + R(X,Y),

where we have used the identity R(X,Y) = —v[h X, hY] [14].

Remark 4.2 : Tt is to be noted that the identity 93(X,Y") = —v[hX, hY] shows that the Lie
bracket of two horizontal vector fields is horizontal if and only if the curvature R vanishes. This

means that a necessary and sufficient condition for the horizontal distribution to be completely

integrable is that YR vanishes. This fact can also be deduced from Lemma 4.1(c) above.

Definition 4.3 — Let R be the h-curvature tensor of Cartan connection. The nullity space

of R atapoint z € T'M is the subspace of H,(T'M ) defined by

Ng(2):={X € H,

(TM): R(X,Y)=0, VY € H.(TM)}.
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The dimension of Nr(z), denoted by g (2), is the index of nullity of R at 2.

If the index of nullity is constant, then the map Ny : z — Ng(z) defines a distribution N

of dimension pp called nullity distribution of R.
Any vector field belonging to the nullity distribution is called a nullity vector field.
Proposition 4.4 — The nullity distribution A'g has the following properties:
(@) Ng # ¢.
(b) Nr C N, where Ny is the nullity distribution of the curvature fR.
() If Z € Ng,then R(X,Y)Z = C(FR(X,Y), Z).
(d)If S € Ng, then R = o.
(e) If X € Np, then [C, X] € Ny and consequently, [C, X] € Nax.

PROOF : (b) Let X be a nullity vector field. We have

XeNrg = RX,Y)Z=0 VY, ZecX(TM)
= R(X,Y)S=0 VY eX(TM)
— RX,Y)=0 VY eX(TM)

- XG./\/;){.

(c) Let Z € Ng, then Z € Ny and by Lemma 3.7(a), we have

Gxyz{R(X,Y)Z} = Gxyz{C(FR(X,Y), Z)}.

Since R(Y, Z)X = R(Z,X)Y = 0and R(Y, Z) = R(Z, X) = 0, the result follows.

(d) Let S € Ng, then by (c), we have R(X,Y)S = C(FR(X,Y),S). Then, the result
follows from (3.4) and Lemma 3.6.

(e) Let X € Ng. By the identity Do R = 0 [9], we have

(DCR)(Xv Y) = 07
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which leads to
R(DcX,Y)=0.

Using (3.1) and (3.3), we have R([C, X],Y) = 0. Since h is h(1), then [C, h] = 0, from
which [C, hX] = h[C, X]. Thatis, [C, hX] is horizontal. Hence, [C, X] € Ng. Consequently,
by (b), [C, X] € Nin. 0

It is important to note that the converse of property (b) of Proposition 4.4 is not true in
general, that is, Nz ¢ Ng. This is shown by the next example in which the calculations are

performed using MAPLE program.
Example 4.5 : Let M = {x = (21, z2, 23, 14) € R* : 24 # 0},
U={(z,y) ER*xR*: 24 #0; y; #0,i = 1,....,4} C TM.
Let the energy function E be defined on the open subset U of 7'M by:

E = x4y (y3 + 3 + y;})l/‘g. Then, we have:

1
Q = {3 + 3 + y3) dz1 A dxy — y1y3 dao A deg — y1y3 das A day
2(y3 +y3 +yi)¥?
—24y3 (dz1 A dys + dao A dyy) — 22493 (dzy A dys + dz A dy;)
21‘4
(v3 + 3 +y3

—y1y3y3 (dwa A dys + das A dys) — y1y3ys (doe A dyy + dos A dy,)

—2x4yz (d:Cl ANdyy + dzg A dy1)} — )5/3 {y1y2(y§ + yi’) dxo A dys

+y1y3(ys + yi) dos A dys — y1y3y3 (dos A dys + dzg A dys)
+y1ya (Y5 + yi) dwa A dys}.

The identity 152 = —dFE gives the following non-vanishing coefficients of the canonical
spray S*:
2 _ 3y2ua s _ 3ysy 4 Y3 +ys— 2y
S* = , S° = , S = ===
Axy dxy 4x4ys

The non-vanishing coefficients of Barthel connection I‘; are:

3y4 o _ 3y2 5 _ 34 5 _ 3Y3
2= 2 =2 3 == Iy =-—"-

2 41‘4 ’ 4 4%4 ’ 3 4x4 ’ 4 41’4 ’
i 3 ri_ 393 pi_ Y Hus+ At

daays T dwayd ! Ay}
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The independent non-vanishing components of the curvature 9%; . of Barthel connection

arc.
w2 _ 93 w2 _ 33 +y3 +5y1)
23 1633@4’ 24 16'7}1211/2 )
s _ o3 — 33+ 3 +5y1)
23 16x?1y4 ’ 34 16:1:33/2 ’
ot _ 3Y3(Y5 + 3 +5yi) ot _ BY3(Y5 + 3 +5yi)
24 — 2,4 ) 34 — 2,4 :
16x3y; 16x3y;

Now, let X € Ng, then X can be written in the form X = X'h; + X?ho+ X3hg+ X*ha,
where X!, X2, X3 X* are the components of the nullity vector X with respect to the basis
m

. o .
{h1, ha, hs, ha} of the horizontal space, where h; := i I} 3y t,m = 1,...,4. The

equation R(X,Y) =0,VY € H(TM), is written locally in the form
XIR%), = 0.

This is equivalent to the system of equations:
B3 X — (W3 +y3 + 5y X =0,  yX*=0, yX’=0

From the above system, we have X' = ¢;,t; € Rand X2 = X? = 0. Then, we get
(y3+y3+5y3) X* = 0. Now, we have two cases, either y3 +y3 +5y3 = 0 or y3 +y3 +5y; # 0.
Firstly, if y3 + v + 5yj # 0, then X* = 0 and thus pus = 1. Secondly, if y3 + v + 5y3 = 0,
then X4 = t4, t4 € R and thus X = t1hq + tshs and um = 2. We will be interested in the

second case.

Calculations using MAPLE give the coefficients of Cartan connection F; ;. and so the com-
ponents of the h-curvature tensor Rfjk Taking into account that y3 + yg + 5y3 = 0, the

independent non-vanishing components R?j ;. are as follows:

—9y3 3 9y3 L =yl

Rl = —oyd = 52— =
123 3202y, 1257 3222y1ys” 25 64y
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R2. — —9y3y3 s —9y2(4y3 + 6y3) 4 —45y3
228 12823y 25623ys P 12823y}’

Ri o T108yays g —3ya(y3(2y3 — 30ud) — u3 (23 + 14y3) — 20u1)
224 256x3y3 P 25623y] ’
R 2T e 2Tysus o 9yigdys e 9ys(ys —8ud)

21 64934213/2 ’ 23 64x421y2’ 323 643:4213/;l ’ 323 128333@/3 ’
R — WY pa 4Buhys o 2Twsyl g —2Ty3y3
323 128%'421’!/2 ) 323 1281’4213/2 ) 324 64'75121%? ) 324 64.@21:1/3 )
R2 2Tyl pe_ Bys(u3(=3ys + 4yd) + Syi(4yi + 5u3) — 3y3)
a3 64z3y; 25623y] ’
R, — —9y3 s _ 2Ty3ys
423 3233?&/2 ) 424 64%@2 ’
g2 3(u5(4ys +38yd) + 205203 + 11y) + 10y5) o =93
424 — 2,6 ) 432 = 3 39
25627y, 32x3yy
g2 — 2Tways s 3445 4 220508 + vyl + 23453 — 3ys + 1045)
434 2.3 434 — 2,6 ’

Now, let X € Ng. The equation R(X,Y)Z = 0,VY,Z € H(TM), is written locally in
the form
X/R}y = 0.

This is equivalent to the system of equations:
y2(5y3 + T3 + 9y) X° + 1240ys X' = 0,
ngZ = 07
Y3 X3 = 0.
The above system has the solution X! = #/,#; € Rand X? = X? = X% = 0. Thus,

X = t{hy and pg = 1. So, the dimension of N = 1 and the dimension of Ny = 2,
consequently, Noig & Ng.

Nevertheless, we have some cases in which Nz C AR as the case of Landesberg spaces

satisfying certain conditions.

Definition 4.6 [13] — A Finsler space is called Landesberg if the second Cartan tensor

vanishes: C’ = 0 or, equivalently, if P = 0.
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Theorem 4.7 — Let (M, E) be a Landesberg space. If, for all X € N, .5JZX € Ny,
then Nog C N and hence N = Ng.

PROOF : Let (M.E) be a Landesberg space. Then, using Lemma 3.5, we get

R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z).

Let X € Ng. Then, by the above equation and the fact that]-?{(X Y)Z = (lo) 7zR)(X,Y)
[15], R(X,Y)Z = —R(D;2zX,Y). Since D ;zX € Ny, VX € Nan, then R(X,Y)Z = 0 and
we obtain that X € ANg. Consequently, Nix C Ng and hence Nox = Ng. O

Theorem 4.8 — Let ug be constant on an open subset U of T M. Then, the nullity distri-

bution z — NRg(z) is completely integrable on U.

PROOF : To prove this theorem we have to show thatif X, Y € N, then [X, Y] € Ng. So,
let XY € Ngand Z € H(TM). This implies that X and Y are horizontal and X,Y € N.
Then, by Lemma 3.7(e), we have

Gxyz{(DxR)(Y,Z)} = Gxy,z{ P(X, FR(Y,Z))}.

Since X,Y € Nix, then R(X,Y) = R(Y, Z) = R(Z, X) = 0. Making use of Lemma 4.1
and the fact that R is semi-basic and T'(hX, hY) = R(X,Y"), we have
0 = GSxyz{(DxR)(Y,2)}

= Gxyz{DxR(Y,Z) - R(DxY,Z) - R(Y, Dx Z)}

= —R(DxY,Z) - R(Z,DyX)

= R(DxY — DyX,Z)

= R(X,Y]+R(X,Y),2)
= R(X,Y],Z)+ RMR(X.Y),Z)
= R(X,Y],Z), VZ e H(TM).

It remains to show that [X, Y] is horizontal. In fact, as R(X,Y) = —v[hX,hY] [14],
0 =R(X,Y) = —v[X,Y], and hence [X, Y] is horizontal. Hence, we have [X,Y] € Nr. O

Theorem 4.9 — It should be noted that the nullity distribution Ny of the curvature of

Barthel connection is completely integrable as has been proved in [14].
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We have seen that if the index of nullity pp is constant, then the nullity distribution N’z
is completely integrable. Then, according to the Frobenius theorem, there exists a foliation of
T M by pg(z)-dimensional maximal connected submanifolds which are called the leaves, such
that N'r(z) is the tangent space to the leaf at = € T'M. In this case we call this foliation the

nullity foliation.

Theorem 4.10 — The leaves of the nullity foliations of Nsw and Nr are auto-parallel

submanifolds.

PROOF : To prove that N'g is auto-parallel with respect to Cartan connection, we have to
show that if X, Y € N, then DxY € Nkg.

Let X,Y € Ny, then XY € Ny and X, Y € H(TM). As Dh = 0, then DxhY =
hDxY,ie., DxY € H(TM). By Lemma 3.7(¢), we have

Sxyz{(DxR)(Y,Z)} =0.

Consequently
Gx,y,z{R(DxY,Z)} = 0.

Hence R(DxY,Z)=0VYZ € X(TM) and DxY € Np.
Similarly, we show that if X, Y € N, then DxY € Ni. By Lemma 3.7(d), we have

Sxyz{(DxR)(Y,2)} = &xy2C'{(FR(X,Y), 2)}.

Since X,Y € Ng, then
Sxy,z{(DxR)(Y,Z)} =0.
Consequently, R(DxY,Z) =0VZ € X(TM) and DxY € Ng. O

It is well known that the concepts of auto-parallel submanifold and totally geodesic sub-
manifold coincide in Riemannian geometry [11]. This is not true, in general. However, every

auto-parallel submanifold is totally geodesic [5]. So, we have the following corollary.

Corollary 4.11 — The leaves of the nullity foliations Nz and Ny are totally geodesic

submanifolds.
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Definition 4.12 [1, 16] — A Finsler space (M, E), where dim M > 3, is said to be h-
isotropic if there exists a scalar function k, such that the h-curvature tensor R of Cartan con-

nection has the form
R(X,)Y)Z =k {9(X,2)Y —g(Y,2)X}, VX,Y,Z € X(TM).

Theorem 4.13 — For an h-isotropic Finsler space, the index of nullity g takes its maximal

value, i.e. g = n.

PROOF : Let X be a non zero nullity vector in Nz and Y, Z, W € X(T'M). Then, by

Definition 4.12, we have

0 = k{g(X,2)Y —g(V,2)X}
= ko{g(g(Xa Z)Ya W) - g(g(Y, Z)Xa W)}
= ko{g(Y,W)g(X, Z) — g(X,W)g(Y, Z)}.

As g is ametric on T'M, its trace is thus 2n. Taking the trace with respect to the pair Y and
W, we get
kO{Qng(Xv Z) - g(X7 Z)} - Oa

Again, taking the trace of the above equation, we have
2n(2n — 1)k, = 0.
which gives k, = 0. Consequently, R = 0 and hence pup = n. O

Definition 4.14. [13, 16] — A Finsler space (M, E), is said to be Berwald space if the
hv-curvature tensor P of Berwald connection vanishes or, equivalently, D, xC = 0 for all
X e X(TM).

Theorem 4.15 — For a Berwald space, the index of nullity ux of Ny takes its maximal
value if and only if the index of nullity ur of N takes its maximal value.

PROOF : Let (M, E) be a Berwald space and so C’ = 0 [13]. Hence, by Lemma 3.5(a), the
h-curvature of Cartan connection is written in the form

o

R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z). 4.1

229
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Now, let sy = n. Then R = 0, which is equivalent to }% = 0 [15]. Thus, Equation (4.1)
yields R = 0. Consequently, up = n.

Conversely, let ug = n. Hence, by (4.1),é(X, Y)Z +C(Z, FR(X,Y)) = 0. Setting
Z = S in this equation, we haveR(X,Y)S = 0. But R(X,Y)S = R(X,Y) [15]. Thus,
R = 0, consequently, ugn = n. O

5. NULLITY DISTRIBUTION OF CARTAN hv-CURVATURE

In this section, we study the nullity distribution of the hv-curvature of Cartan connection. We
show that the nullity distribution Np of the hv-curvature P is not completely integrable. We
impose a certain condition to make Np completely integrable. We present a class of Finsler

spaces which guarantees the possibility of such a condition.

Definition 5.1 — Let P be the hv-curvature of Cartan connection. The nullity space of P
ata point z € T'M is the subspace of H,(T'M ) defined by

Np(2) = {X € H.(TM): P(X,Y) =0, VY € H,(TM)}.
The dimension of Np(2), denoted by pp(z), is the index of nullity of P at 2.
Proposition 5.2 — The nullity distribution of P has the following properties:
(@ Np # ¢.
(b) S € Np.
(©)If X € Np(2),thenC'(X,Y) =0,VY € T,(TM).
() If X,Y € Np NN, then R(X,Y)Z = C'([X,Y], Z).
PROOF : (b) Follows from the fact that P(S, X)Y = P(X,S)Y = 0 (Lemma 3.6).
(c) Let X € Np(z),

X eNp(z) = PX,Y)Z=0 VY, ZcT,(TM)
= P(X,Y)S=0 VY eT.,(TM)
= C(X,Y)=0 VY eT,(TM).
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(d) Let X, Y € Np N Na. Then, by Proposition 5.2(c), Lemma 3.5(a) and the identity
R(X,Y)Z = (D;zR)(X,Y) [15], we have
R(X,Y)Z = (DpxC)(Y, Z) — (DpyC')(X, Z).
By Lemma 4.1(c) and the fact that C’ is semi-basic, we get
R(X,Y)Z =C'([hX,hY], 2).
Hence, the result follows. O

Theorem 5.3 — For a Landesberg space, the nullity distributions N'r coincides with the
nullity distribution Nro of the h-curvature R of Berwald connection.

PROOF : Let (M, E) be a Landesberg space. Then, the hv-curvature P of Cartan connec-
tion vanishes and thus Np = H(T'M). Consequently, C' = 0, by Proposition 5.2(c). Hence,
by Lemma 3.5(a), we get

R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z).

Let X € Ny, then X € Ny and thus R(X,Y) = 0, hence, X € Npgo. Consequently,
Ng C Ngo. Conversely, let X € Ngo, then X € Nz [15] and thus R(X,Y) = 0, hence,
X € Ng. Consequently, Ngo C Np. O

The nullity distribution AV/p is not completely integrable in general as shown by the follow-

ing example.
Example 5.4 : Let M = {x = (w1, 29, 23) € R? : 29 # 0},
U={(z,y) €R3xR3: 29 #0; y1,y2 # 0} C TM.
Let the energy function E be defined on U by: E = e~%1 (e~ 123923 + x2y§)2/3.

For simplicity, let oy := e 1% y2ys + moys, o9 1= Te “1%ydys + 12x9y5 and o3 =
€173 (5e =183y 2ys + 37993). Then, the non-vanishing components Pi}]L'k of the hv-curvature
tensor P are:

1 —3w2y3 2 —Y209 3 —9T2y3Ys3 1 329y3 1

111 — 32y101 ) 111 = 732%01, 111 — 32y%01 ) 112 — 73201 = 1215
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p2 _ op) _ p2 3 _ 9m2y§y3 _ p3 pLo_ —3x2y1Y2
112 325101 pr P =5 C 21, P22 = g5
Pl 02 g3 —@ayays oo 3Tays oy aay3
122 3290y 122 320, 0 LT 3,0 TIT T
31‘2y%0'3 1 —3T2Y1Y2 1 2 3$292 2
P p— 7’ = —— m_— P 5 P pr— p— P 5
211 16y, 221 390 212 221 6o 212
P —3x2y2 _ p3 pLo_ 3x2yy o _ 3x2y1Y2 3 _ 31203
221 16420, 2120 o = gp oty i 160, = 227 Jgg,
P2 upe ™y 3yl o Twmayfe ™™,
311 = o I3 = y I3 = ——F 35— = 391,
320’1 32y101 32y101
Py 3r2y5 s P2 _ yie 18 p3__ T3Tayiy
312 320, g0 T2 = Tgp 0T i 390,

Now, let X € Np. The equation P(X,Y)Z =0,V Y,Z € H(TM), is written locally in
the form

i ph
This yields the system of equations
X' — iy X? =0.

Thus, the solution of the above system is X! = ¢;, X? = @tl and X3 = t3, t1,t3 € R.
Y1

Hence, X = #; <h1 + y2h2> + t3hs and up = 2. Now, we take X,Y € Np such that
Y1

X =h + %hg and Y = hs. By simple calculations, we obtain the bracket [X,Y] =
Y1

1 0 0
[hl + th, h3:| = ——y1— + y3——, which is vertical. Consequently, the nullity distribu-
Y1 27" 0 dys3

tion Ap is not complectly integrable. O
Nevertheless, we have

Theorem 5.5 — Let up be constant on an open subset U of TM. The nullity distribu-
tion Np is completely integrable on U if and only if R(X,Y) = 0 and (DjzR)(X,Y) =
R(Y,FC(X,Z))— R(X,FC(Y,Z)),VX,Y € Np.

PROOF : Let X,Y € Np. Then, R(X,Y) = Oand (D7 R)(X,Y) = R(Y, FC(X, Z)) —
R(X,FC(Y,Z)),YZ € X(TM). Since R(X,Y) = 0, then the bracket [h.X, hY] is horizontal.
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Making use of Lemma 3.7(f) and Lemma 4.1(c), we get

(DnxP)(Y,Z) — (Dpy P)(X,Z) =0 = P(DxY —DyX,Z)=0
—  P([X,Y] +m(x Y),Z) =0
— P(X,Y],2)=0
- [X, Y] ENP.

Hence Np be completely integrable.

Conversely, let N'p be completely integrable. Then, if X,Y € Ap, the bracket [h.X, hY]
is horizontal, thus, S8(X,Y) = 0. Also, by Lemma 3.7(f) and the fact P([hX,hY],Z) =
(DuxP)(Y,Z) — (Duy P)(X,Z) = 0, we have (DyzR)(X,Y) = R(Y,FC(X,Z))
— R(X,FC(Y,Z)),VX,Y € Np, VZ € X(TM). 0

Remark 5.6 : The class of Finsler spaces with vanishing h-curvature satisfy the conditions

of Theorem 5.5. Consequently, for such spaces, Np is completely integrable.

Moreover, we have

Proposition 5.7 — A sufficient condition for N'p to be completely integrable is that
N, p C Np.

PROOF : Let Np C Ngpand XY € Np, Z € X(TM). Then, X,Y € Np and hence
X,Y € N, consequently, R(X,Y) = 0. Also, by Lemma 3.7(f), we have (D;zR)(X,Y) =
R(YY,FC(X,Z)) — R(X,FC(Y,Z)),VX,Y € Np,VZ € X(TM). Hence, by Theorem 5.5,
Np is completely integrable. O

6. NULLITY DISTRIBUTION OF CARTAN v-CURVATURE

In this section, we study the nullity distribution of the v-curvature () of Cartan connection. The

nullity distribution of @ is defined in a similar manner as that of R (Definition 4.3)

Proposition 6.1 — The nullity distribution of () satisfies:

() No # ¢.
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(b) S € No.
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(o) If Z € Ng, then Q(X,Y)Z = 0,VX,Y € X(TM). Thatis, Q(X,Y)Z vanishes
whenever X, Y or Z is a Q-nullity vector field.

(d)If X, Y € Ng(z), then F[JX,JY] € Ng.

PROOF (b) Follows from the fact that Q(S, X)Y = 0. (Lemma 3.7(d))

(c) Follows from Lemma 3.7(b).

(d) Let X, Y € N, then Propositions 6.1 and Lemma 3.7(h) lead to

(DixQY, Z) + (DyyQ)(Z,X) + (DyzQ)(X,Y)
-QDyxY,Z) - Q(Z,Dyy X)

QDyvX — DyxY,7Z)

Q(F[JX,JY], Z).

Since [JX, JY] is vertical and F'J = h, then F[JX, JY] is horizontal. Consequently,
F[JX,JY] € N.

The nullity distribution N is not completely integrable in general as shown by the follow-

ing example.

Example 6.2 : M = {x = (21,72, 23,24) € R* : 29 # 0},

U={(z,y) ER*x R*: 29 # 0; y1,y3,94 # 0} C TM.

Let the energy function E be defined on U by E = zoy?e ¥3/¥4 4 42,

Then, the independent non-vanishing components of the v-curvature Q?j i, of Cartan con-

nection are:
Q3
113
QB
134

1
Q331

TP S SN SPOVINN
nyy ) 113 — 2y27 114 — Qy%yia 114 — 2y%y47
—Y3 4 1 3 -1 1 Y3
21y P g PR 2y’ M 4y
-1 1 hn 3 1 3 Y3
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Qzln?, = 73/337 313 - 7@/327 41114 = ;yj?’ 314 = ;y?;>
4y Y1Yy dyy Y1yy

Qj1114 = y323 313 = 72 ) 323 - ! ) 11134 = ylyf, 234 - yfﬁ,
2y1y% 2y7Ya 251y 4y,

Now, let X € Ng. Then the equation Q(X,Y)Z = 0,VY, Z € H(T M) is written locally
in the form
This is equivalent to the system of equations:
yaX® —ys X* =0,
X! -y Xt =0,
ys X' — 1 X° = 0.

From the above system, we have X2 = ¢, X4 = ¢/, X! = &t', X3 = @t', t,t' € R.
Y4 Y4
Y

Hence, X = tho +t' (ylhl + —Shg + h4> and pg = 2. Now, we take X, Y € N such that
Ya Ya

X =hyandY = L hy + % by + hy. Then, the bracket [X, Y] = |ho, Zhy + Lhy + ha| =
Ya Ya Y4 Y4

0 2(5y3 — 2 0 0 S :
_ i we_yi”/ vi— ﬁ—, which is vertical. Consequently, the

25?%94 oy 4x2y§ Y2 222 Oya
nullity distribution Vg is not completely integrable.

Nevertheless, we have

Theorem 6.3 — Let 1 be constant on an open subset U of T'M. The nullity distribution
N is completely integrable on U if and only if for all XY € Ng, R(X,Y) = 0 and the

tensor
A(X7Y’ Z) = P(FC(Z,X),Y) - (DJXP)(Yv Z) - (DJZP)(Xa Y)’ VZ € %(TM)
is symmetric in X and Y .

PROOF : Let X,Y € Ng. Then, R(X,Y) = 0 and the tensor A(X,Y, Z) is symmetric in
the first two arguments. By Lemma 3.7(g), we have
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Interchange X with Y in the above equation, we get

(DhYQ>(Xa Z) = (DJXP)(Yv Z) - (DJZP)(Y7X) +P(FC(KX)aZ)
—P(FC(Z,Y),X) — Q(FC'(Y, X), Z). (6.2)

Making use of the symmetry of C and C’, Equations (6.1) and (6.2) give
(DrxQ)(Y. 2) — (DayQ)(X, Z) = A(X,Y. Z) — A(Y, X, Z). 63)
Then, by the symmetry of A(X,Y,Z) in X and Y, we get
Q(Dny X — DypxY,Z) = 0.

Consequently, it follows from Lemma 4.1 that

QUX,Y]+R(X,Y),Z)=0.
Since R(X,Y) =0, [hX, hY] = [X,Y] is horizontal and so [ X, Y] € Ng.
Consequently, NV (z) is completely integrable.

Conversely, let Vg be completely integrable. Then, forall X, Y € N, we obtain [h.X, hY] €
Ng, i.e., [hX, hY] is horizontal and hence 2:(X,Y") = 0. Moreover, by (6.3) and the fact that
Q([hX,hY],Z) = 0, the tensor A(X,Y, Z) is symmetric in X and Y.

Remark 6.4 : The class of Minkowski spaces satisfies the conditions of the above theorem.

Consequently, a Minkowski space has a completely integrable N,.

Definition 6.5 — Let (M, E') be a Finsler manifold. The angular metric 4 on T'M is defined
by
1

V2E

where ¢ is the metric tensor on 7'M given by (3.2) and ¢(X) := 9(X,C).
It should be noted that the trace of i is (2n — 1).
Definition 6.6 — A Finsler space (M, E), with dim M > 4, is said to be Ss-like if

Q(X,Y,Z,W) = r{h(JX, JZ)W(JY, JW) — h(JX, JW)h(JY, JZ)},
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where Q(X,Y, Z, W) = g(Q(X,Y)Z, JW) and r is a scalar function.

Theorem 6.7 — Let (M, E) be an Ss-like space. Then, the index of nullity 1 takes its

maximal value.

PROOF : Let (M, E) be an Sz-like space and X € N, then we have
r{(JX,JZ2)h(JY,JW) - W(JX, JW)h(JY,JZ)} = 0.
Taking the trace with respect to JX and JZ, we get
(2n — 2)ra(JY,JW) = 0.
Again, taking the trace of the above equation, we have
(2n—1)(n—1)r =0.

Asn > 4, then r = 0 and consequently ) = 0. O
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